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The talk discusses some metalogical properties of Visser—Yablo (VY) sequences introduced inde-
pendently by A. Visser in [6] and S. Yablo in [7]. The latter gave a by now famous example of a
semantic paradox that, according to the author, does not involve self-reference. Recall the paradox
arises when one considers the following sequence of sentences:

Yo For any k£ > 0, Y} is false.
Y1 For any k > 1, Y} is false.
Yo For any k > 2, Y} is false.

Y, For any k > n, Y; is false.

In natural language, VY-sequence, taken together with certain truth principles, leads to a paradox:
take any sentence Y, from the sequence and ask what would happen if it was true. Suppose it is.
Then, things are as it says, and for any j > n Y} is false. In particular Y, ;1 is false and also for any
Jj>n+1Yjis false.

But the second conjunct is exactly what Y;, 1 states, so it turns that Y, 11 is true after all. The
assumption that Y;, is true led therefore to a contradiction. So it is false. This means that not all
sentences following Y,, are false, and so one of them, say Y}, is true. But then, we can again obtain a
contradiction by repeating for Yz the same reasoning that we have just given for Y,,. So, whether Y,
is true, or false, a contradiction follows. Hence the paradox.

A fruitful study of the paradox formalized over arithmetic (by the results of G. Priest from [5]
VY-sentences provably exist in sufficiently rich formal theories, so we indeed can meaningfully reason
about them) has revealed that the reasoning has the following interesting feature. In order to derive
the contradiction one needs to use a strong assumption concerning the notion of truth: namely one
has to assume “for all n, Y,, if and only if "Y,,7 is true.” Vn (Y, = Tr(Y,)). If we wanted to replace
this global disquotation with an infinity of local disquotation instances, contradiction could be obtained
only if we used some infinitary inference rule (requiring an infinite number of premises) such as the
w-rule.

Specifically, J. Ketland showed in [2] that the theory PAT~ (Peano Arithmetic in the language
extended with a truth predicate Tr and induction scheme restricted to arithmetical formulae) with
adjoined local disquotation principles for arithmetical sentences (AD) and VY-sentences (Y D), is
consistent, yet w-inconsistent. I will also show a simple proof that the theory PAT + AD + Y D (with
induction scheme for all formulae of the extended language) is also consistent. During the talk I will
diverge a bit to the realm of axiomatic truth theories, reporting on some results of C. Cieslinski on
VY-sentences in these formal systems.



So far, the story is rather well-known. What is somewhat less known, is that there is a way of
handling the paradox which relies on finitistic assumptions. If the world is finite, there aren’t enough
things in the world to interpret all sentences from the VY-sequence, and the last interpreted one is
vacuously true without any threat of paradox. After all, VY-paradox can be thought of as an infinitary
version of the Liar paradox, so perhaps thinking it can be dealt with by tackling the notion of infinity
isn’t completely insane.

Of course, the finitist owes us a story about how they make sense of arithmetic, and how the
whole thing should be studied by formal methods. It so happens that formal tools for this task have
already been developed. During the talk I will explain what they are, and I'll use them to study the
VY-paradox in the finitistic setting. On this approach, it will turn out that things are as we expected:
VY-sentences are all false in potentially infinite domains, despite the fact that the framework is rich
enough to incorporate sufficiently strong arithmetic.

Specifically, I will prove that under the logic Ly of sufficiently large finite models, defined by M.
Mostowski in [4], for any class K of finite models, if K g Y D, then K =4 —Y (n) for any n € w. 1
will also show the construction of such a class, basing on the notion of F'M-domain, introduced by M.
Mostowski in [3].

There is, however, a glitch. I'll argue that the way quantifiers are handled in this finitistic setting
results in a somewhat scary arithmetical theory. For instance, in a potentially infinite domain it turns
out that the sentence “there is a greatest number” comes out true without making “n is the greatest
number” true for any n. If your goal, as a finitist, is not to revise current mathematics, but to make
sense of it in terms of potential infinity, this approach isn’t for you.

It turns out that there is another — motivated by the Kripke semantics for modal logic — approach
to potential infinity, which has already been used to obtain standard arithmetic, and to make sense of
abstraction principles (in the neologicist sense). I will demonstrate the results from a joint work with
R. Urbaniak on how this framework handles VY-paradox.
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